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In his famous Lecture Notes [11], Jacques Tits showed that the only (irreducible)
spherical buildings of rank ` ≥ 3 are those arising (via the notion of a BN-pair) from
simple algebraic groups, classical groups and groups of “mixed type.” Spherical
buildings of rank 2 (a.k.a. generalized polygons) are too numerous to classify,
but if the Moufang condition is imposed, it is again possible to show that the
only examples are those arising from simple algebraic groups, classical groups and
groups of mixed type [12]. Buildings of rank 1 are merely sets with no additional
structure at all. The buildings of rank 1 which are associated with simple algebraic
groups, classical groups and (the known) groups of mixed type, however, do come
equipped with the additional structure of a split BN-pair. Some of this additional
structure is captured in the notion of Moufang set (due to Tits). An essentially
(but not completely) equivalent notion is the notion of an (abstract) rank one
group, as introduced by Franz Timmesfeld [10].
Our results grew out of an effort to find a simple existence criterion for Moufang
sets, in the same spirit of the one which exists for Moufang polygons [12, (8.13)].
The solution we have found seems to be quite natural and should serve, we hope,
as a basis for future work on Moufang sets.
On the other hand, it was already clear from the known examples of Moufang
sets that there is a connection between Jordan (division) algebras and Moufang
sets, but the deeper reason for this was not understood. The question to make this
link more explicit was, to our knowledge, first posed by Bernhard Mu¨hlherr (see
also [8]), and recently, such a connection was made visible by Rafael Knop [5], but
in a very indirect way, using the Tits-Kantor-Koecher graded Lie-algebra. The
method that we have found is, we believe, much more elementary, and illustrates
the naturalness of our criterion.
A Moufang set is a set X together with a set of subgroups {Ux | x ∈ X} of
Sym(X) such that for all x ∈ X , the subgroup Ux acts regularly on X\{x} (and
therefore fixes x) and (Ux)
ϕ = Uϕ(x) for all ϕ ∈ G†, whereG† denotes the subgroup
of Sym(X) generated by all the subgroups Ux; the subgroups Ux are called the root
groups of the Moufang set, and the group G† is called its little projective group.
Let U be a group with composition  and identity 0. (The operation  is not
necessarily commutative.) The inverse of an element a will be denoted by a. Let
X := U ∪ {∞}, where ∞ is a new symbol. For each a ∈ U , we denote by αa the
permutation of X which fixes ∞ and maps x to xa for all x ∈ U . We extend the
operation  by setting x∞ = ∞x = ∞ for all x ∈ U ; ∞∞ is undefined. Let
U∞ = {αa | a ∈ U} ∼= U .
Now suppose that τ is a permutation of U ∗. We extend τ to an element of
Sym(X) (which we also denote by τ) by setting 0τ = ∞ and ∞τ = 0. Next we
set U0 = U
τ∞ and Ua = U
αa
0 for all a ∈ U . Let M(U, τ) = (X, (Ux)x∈X) and let
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G† = 〈U∞, U0〉. Our first goal is to give a criterion which determines when M(U, τ)
is a Moufang set. (It is clear that every Moufang set arises in this way.)
Theorem 1. M(U, τ) is a Moufang set if and only if the “Hua maps”
ha : x 7→ τ
(
τ−1
(
τ(x)a
)
τ−1(a)
)
τ
(
τ−1(a)
)
are additive (w.r.t. ) for each a ∈ U∗.
The group H := 〈ha | a ∈ U∗〉 will be called the Hua group of the Moufang set.
It turns out that this group coincides with the diagonal subgroup [10, (1.1)]:
Theorem 2. H = StabG†{0,∞}.
Example 1. Let K be an arbitrary field or skew field, let U := (K,+), and let
τ : K∗ → K∗ : x 7→ −x−1. Then M(U, τ) is a Moufang set; its Hua maps are
given by ha : x 7→ axa for all a, x ∈ U . This Moufang set is denoted by M(K).
(Geometrically, this is the projective line over K; the group G† is isomorphic to
PSL2(K).)
Example 2. Let G be a group acting sharply two-transitively on a set X. Then
(X, (StabG{x})x∈X) is a Moufang set (with G = G†). All its Hua maps are trivial.
In fact, for a given Moufang set, H = 1 if and only if G† is sharply two-transitive.
The following example shows that every Jordan division algebra gives rise to a
Moufang set, in a very natural way:
Example 3. Let (J, U, 1) be a quadratic Jordan division algebra over some com-
mutative field k (of arbitrary characteristic), as introduced by McCrimmon [6]
—see also [7]— and let τ : J∗ → J∗ : x 7→ −x−1 = −U−1x (x). Then M((J,+), τ)
is a Moufang set; its Hua maps are given by ha : x 7→ Ua(x) for all a, x ∈ J . This
Moufang set is denoted by M(J, U, 1).
Example 4. Let O be an octonion division algebra over some commutative field k
(of arbitrary characteristic), let U := {(x, y) ∈ O × O | Nrd(x) + Trd(y) = 0}
be the (non-abelian) group with composition (a, b)(c, d) = (a + c, b + d − ca).
Let τ : U∗ → U∗ : (x, y) 7→ (−xy−1, y−1). Then M(U, τ) is a Moufang set
corresponding to an algebraic group of type F4 of k-rank one; see [1].
Franz Timmesfeld introduced the important notion of special rank one groups
[10, (1.1)]. In our setting, a Moufang set M(U, τ) is special if and only if τ(x) =
τ(x) for all x ∈ U .
Conjecture 1. Let M = M(U, τ) be a Moufang set such that G† does not act
sharply two-transitively on X. Then M is special if and only if U is abelian.
(This is a double conjecture: both the “if” part and the “only if” part are not
known to be true, but to our knowledge, no counterexamples are known.)
Conjecture 2. Let M = M(U, τ) be a special Moufang set with U abelian. Then
there exists a quadratic Jordan division algebra (J, U, 1) over some commutative
field k such that M ∼= M(J, U, 1).
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A positive answer to both conjectures would imply a classification of all Moufang
sets with abelian root groups, since the sharply two-transitive groups with abelian
stabilizers are classified by Kerby and Wefelscheid [4]; see also [3].
We cannot answer this question in its full generality, but under some additional
natural “degree” assumptions, we could obtain the required result:
Theorem 3. Let M = M(U, τ) be a special Moufang set with identity element e,
such that
• U is a finite-dimensional vector space over a (commutative) field k with
|k| > 3 ;
• the Hua maps ha are k-linear for all a ∈ U∗ ;
• the map h : x 7→ hx from U to Endk(U) is k-quadratic (i.e. htx = t2hx
for all t ∈ K and x ∈ U , and hx,y := hx+y − hx − hy is k-bilinear for all
x, y ∈ U) .
Then (U, h, e) is a quadratic Jordan division algebra over k, and τ(x) = −x−1 for
all x ∈ U∗ .
Finally, we have applied our criterion to give a characterization of the Moufang
sets associated with the groups PSL2(k) over commutative fields k of characteristic
different from 2.
Theorem 4. Suppose that M = M(U, τ) is a special Moufang set, where U is an
abelian group, but not an elementary abelian 2-group. Assume, moreover, that the
Hua group H is abelian. Then there exists a commutative field k with char(k) 6= 2
such that M ∼= M(k).
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